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Equilibrium Swelling of Highly Cross-Linked Polymeric Resins

Gloria M. Gusler and Yoram Cohen*
Chemical Engineering Department, University of California, Los Angeles, Los Angeles, California 90024

A modified expression for the change in chemical potential of a solvent, in a polymer network, due
toisotropic swelling was obtained by substituting a non-Gaussian chain length probability distribution
in Flory’s statistical analysis of rubber elasticity. The affine non-Gaussian expression for the free
energy change due to elastic deformation was compared to both the traditional Flory and the James—
Guth “phantom network” expressions for the free energy change due to elastic deformation using
available experimental data for the swelling of highly cross-linked polymeric resins. Among the
different models for the elastic contribution to the free energy change resulting from isotropic
swelling, the non-Gaussian elasticity expression was found to be as good as, or slightly better than
the Flory expression, and clearly superior to the James—Guth phantom network expression. Both
of the two different expressions used to represent the free energy of mixing, the Flory-Huggins
expression and a modified version of the quasi-chemical mixing expression, were found to be equally
successful when describing the isotropic swelling of cross-linked polymeric resins.

Introduction

It has long been known that many cross-linked polymeric
networks, such as rubber, swell when contacted with an
organicsolvent (Brannon-Peppas and Peppas, 1988, 1991;
Horkay and Nagy, 1984; Barr-Howell and Peppas, 1985;
Zang et al., 1989; James and Guth, 1943; and references
therein). The ability to predict the degree of solvent
absorption isimportant in many polymer applicationssuch
as packaging materials (Richards, 1985), controlled drug
release (Ashley, 1985), and plastic pipes (Berens, 1989).
Also, of special interest are recent studies on the removal
of organic solutes by cross-linked polymeric resins that
have shown that resin swelling by both the solute and
solvent is a critical phenomenon which affects the solute
sorption capacity of the polymeric resins (Neely, 1980;
Cornel and Sontheimer, 1986; Garcia and King, 1989;
Gusler et al., 1993; and references therein).

There are a number of theoretical models which describe
polymer swelling equilibrium. Some of these models are
based on polymer scaling theories (Daoud et al., 1986;
Geissler et al., 1989; Horkay and Zrinyi, 1982), and others
arebased on an “osmotic” equilibrium between the solvent
and polymer (Horkay et al., 1991; Vink, 1983). However,
one of the most commonly referenced theoretical analyses
of polymer swelling is that of Flory and Rehner (1943a,b).
This theory assumes that, at equilibrium, the entropy loss
of the polymer chains upon stretching is equal to the
entropy gain due to mixing the solvent and polymer where
mixing may be enhanced or hindered by enthalpic effects.
Although the Flory-Rehner theory is often used to describe
polymer swelling equilibrium (Brannon-Peppas and Pep-
pas, 1988, 1991; Horkay and Nagy, 1984; Barr-Howell and
Peppas, 1985; Zang et al., 1989; and references therein),
the Flory-Rehner theory has limitations that trace back
to its initial development for the case of rubber swelling.
In particular, Flory’s expression for the free energy of
elastic deformation is restricted because it assumes that
a Gaussian distribution represents the chain length
probability distribution (Flory, 1953). The Gaussian
assumption is a reasonable representation of the chain
length distribution for real chains only if they are
reasonably long (Flory and Chang, 1976), which is generally
the case for natural rubber with 400 or more monomers
in the chains between cross-links (Flory, 1976). However,
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according to the analysis of Flory (1976), a Gaussian
distribution fails for chain lengths of less than about 100
monomers. It is important to note that the polymeric
resins used in water treatment applications are highly
cross-linked (Paleos, 1969; Garcia and King, 1989), and
therefore any elasticity theory based on the Gaussian
assumption such as the theories of Wall (1943), Flory
(1953), and James and Guth (1943) is not applicable to
these highly cross-linked polymeric resins. Thus, there is
merit in exploring the consequence of using the Gaussian
distribution compared to the non-Gaussian distribution
when determining the swelling of cross-linked resins.

In this study we introduce a new expression for the free
energy of elastic deformation applicable to the case of
isotropic swelling of polymer networks consisting of short
chains (<100 monomers) for which the traditional Flory
(1953) expression is not applicable. The new expression
for the free energy of elastic deformation was obtained by
modifying Flory’s analysis for rubber elasticity by using
the non-Gaussian chain length distribution given by Wall
and White (1974) instead of the Gaussian distribution.
The resulting expression for the free energy of elastic
deformation was evaluated by using the polymer/solvent
swelling equilibrium data of Errede (1986a—c, 1989, 1990)
which focused on a series of cross-linked polystyrene-
divinylbenzene polymeric resins for which the number of
monomers in the chains between the cross-links varied
from 5 to 50 monomers. Thus, the data of Errede (1986a)
are particularly useful in evaluating the applicability of
the Gaussian and non-Gaussian distributions of chain
length when predicting the swelling of highly cross-linked
polymers. Since the swelling of polymers inherently
involves the mizxing of solvent and polymer, polymer
swelling is quantified by the combination of the free energy
of elastic deformation and the free energy of mixing. Thus,
in the present work we consider swelling equilibrium
analyses in which the traditional Flory—Huggins expression
and a generalization of Guggenheim’s (1944, 1952) quasi-
chemical expression were used to represent the free energy
of mixing.

Background

The expression for swelling equilibrium is obtained by
equating the chemical potential of the solvent in the bulk
phase to the chemical potential of the solvent in the
polymer phase (Flory, 1953). The chemical potential at
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a given temperature and pressure can be obtained from
the expression for the free energy, or

My Nlo = 6(AF)/877’1 1

where u; is the chemical potential of the solvent (com-
ponent 1), u;° is the standard state chemical potential of
the solvent, AF is the change in free energy relative to the
standard state, and n; is the number of moles of solvent.
To obtain an expression for AF the Flory~Rehner as-
sumption of the separability of the free energy into the
free energy of elastic deformation, AF;, and the free energy
of mixing, AFniy, is often made (Brannon-Peppas and
Peppas, 1988, 1991; Zang et al., 1989; Hooper et al., 1990;
Horkay et al., 1993; and references therein), leading to the
following:

a(AFel) + a(AFxnix)
on, on,

My = Hy° = Ay = = Bpy gt Aty iy (2)
where Api 1 and Apg mix are the chemical potential changes
of the solvent, in the network, due to elastic deformation
and mixing, respectively.

Neuburger and Eichinger (1988) asserted, based on
differential polymer swelling of cross-linked poly(dim-
ethylsiloxane) networks in benzene and cyclohexane, that
in the Flory-Rehner theory the assumption of separability
is not valid and that there are cross-terms or interaction
terms between the free energy of mixing and the free energy
of elastic deformation that should be considered. Neu-
burger and Eichinger (1988) concluded that the free
energies of mixing and elastic deformation are not
separable based on the observation of a maximum in the
swelling activity parameter which is given by A; In(a/
a1,,) where a;. and a;, represent the activities for the
cross-linked and un-cross-linked polymer samples, re-
spectively, at the same volume fraction of polymer, and
A is the extension ratio, that is the ratio of L/Lo where L
represents the length scale in the deformed, in this case,
swollen state, and Ly is the length scale in the undeformed
state. In a subsequent analysis, McKenna et al. (1990)
argued that Neuburger and Eichinger (1988) improperly
assumed that the Flory-Huggins interaction parameter is
equivalent for un-cross-linked and cross-linked polymers.
On the basis of the swelling of natural rubber cross-linked
with dicumyl peroxide in the solvents methyl ethyl ketone,
acetone, n-decane, benzene, 1,2-dichlorobenzene, and ethyl
acetate, McKenna et al. (1990) concluded that the Flory-
Huggins interaction parameter was higher for a cross-
linked network compared to the un-cross-linked polymer,
and that the Flory-Huggins interaction parameter in-
creased linearly with increasing cross-link density for
networks of light to moderate cross-link density (M, >
1500). In a later study, Zhao and Eichinger (1992) also
demonstrated a maximum in the swelling activity pa-
rameter for differential polymer swelling of poly(dimethyl
siloxane) networks in n-heptane, 2,3-dimethylpentane,
2,2,4-trimethylpentane, and benzene where only the Flory—
Huggins interaction parameter for the un-cross-linked
polymer was used. More recent work by McKenna et al.
(1993) has demonstrated that the Flory—~Rehner hypothesis
of separability applied for polymer networks of synthetic
isoprene swollen in benzene for the temperature range
10-45°C. However,a maximum, or an “anomalous peak”,
in the swelling activity parameter was observed at 50 °C.
One explanation for the “anomalous peak” in the swelling
activity parameter was offered by Deloche and Samulski
(1988) who have predicted theoretically a maximum in
the swelling activity parameter. However, McKenna et al.
(1993) noted that current theories of rubber elasticity
cannot explain the dramatic change in the properties of

the isoprene networks over the range of only 10 °C, and
suggested that further study of this behavior is needed.

At the current state of the art it appears that the Flory-
Rehner theory of separability may be applicable for some
polymer networks under some conditions, but the range
of conditions for which this assumption may fail is not
well defined. The majority of studies on polymer swelling,
however, support the separability assumption, at least for
the conditions investigated, as is typified by the recent
studies of Horkay et al. (1993), Hooper et al. (1993), and
McKenna et al. (1993). As a result, in this work it will also
be assumed that the free energy of mixing and the free
energy of elastic deformation are separable, at least to a
first approximation.

Accordingly, for a cross-linked polymer network in
contact with a pure solvent, eq 2 can be expressed as (Flory,
1953):

py = by = Buy g+ Apy gy =0 3

Because it has been assumed that the contributions due
to elastic deformation and the free energy of mixing are
separable, any combination of expressions for Au; ¢ and
Api mix can be used in principle to represent the polymer
swelling equilibrium. A number of such models are
discussed and compared in the following sections along
with a new proposed expression for Aue for a non-Gaussian
network.

For the free energy of mixing, the Flory-Huggins
expression (Flory, 1942; Huggins, 1942) is the generally
accepted expression for the case of mixing a polymer and
solvent (McKenna et al., 1990). The entropic component
of the Flory-Huggins expression for the free energy of
mixing is based on the assumption of a lattice with
interchangeable polymer units (monomers) and solvent
molecules. The number of configurations for ny polymer
molecules of x segments onto a lattice of n = n; + xnycells,
where n; is the number of solvent molecules, is used to
calculate the entropy using the Boltzmann relationship.
The enthalpy of dilution, or heat of mixing, is obtained
using a van Laar-like expression (Flory and Rehner, 1943b;
Flory, 1953). For a solution consisting of un-cross-linked
polymer chains and a solvent, the following expression for
the free energy of mixing is obtained (Flory, 1953):

AF, = RTIn;Ilnv, + nyInv, + xn,0,] 4)

mixing

where n; is the number of solvent molecules, ng is the
number of polymer molecules, v; is the volume fraction of
solvent, v is the volume fraction of polymer, and y is the
Flory-Huggins interaction parameter. However, as noted
by Flory (1953) for a cross-linked polymeric network in
equilibrium with a solvent ny = 0, resulting in the following
expression for the free energy of mixing a solvent and a
cross-linked polymer network:

Ameng = RT[n;1ln v, + xn,v,] B)
The resulting expression for the change in chemical
potential of the solvent due to mixing is given by (Flory,
1953)

Ay e = 9 wix _ RTIIn( - v,) + vy + xv,21  (6)
,mix anl

Equation 6 above will be referred to as the Flory-Huggins
(FH) expression for the free energy of mixing.

A reasonable alternative to the Flory-Huggins expres-
sion is Guggenheim’s (1944) quasi-chemical expression for
the free energy of mixing which has been used extensively



as evidenced by the generalization for solvent mixtures to
obtain the UNIQUAC (Abrams and Prausnitz, 1975) and
UNIFAC activity coefficient models (Fredenslund et al.,
1975). The following generalization of the quasi-chemical
analysis for a mixture of several components was intro-
duced by Panayiotou and Vera (1980):

2q;

where v; is the activity coefficient of component i in a
mixture of two or more components, (In v;)° is the portion
of the log of the activity coefficient of component : in a
mixture which is independent of the nonrandom arrange-
ment of molecules, 2 is the coordination number which is
defined as the number of contact points for a given
molecule to interact with other molecules (typically 10;
Abrams and Prausnitz (1975)), ¢; is the surface area
parameter for component i (Panayiotou and Vera, 1980),
and T; is the nonrandom factor for the number of
interactions between molecules of type i with other
molecules of type i in the mixture. The parameter g;, the
surface area parameter, can be determined from the
UNIFAC group-contribution method (Sandler, 1989). The
nonrandom factors, T'j;, T, and Tj;, are defined as the
ratio of the actual number of ii, jj, or ij interactions to the
number of ii, jj, or ij interactions which would occur if the
molecules were distributed randomly (Panayiotou and
Vera, 1980) where ii interactions represent the number of
interactions between molecules of type i with other
molecules of type i, etc.

Toobtain the change in chemical potential due to mixing
for a pure solvent and a cross-linked polymer network
from the expression for the activity coefficient given in eq
7, the following identity is applied

RTIn ai = [ ﬂio (8)

where the activity of component i, a;, is defined as a; = x;v;
and x; is the mole fraction of component {. Therefore, eq
7 becomes

(1) RT=1na;=(Invy)° +Inx; + ln T; 9

Following the work of Prange et al. (1989), or a cross-
linked polymer network in contact with a pure solvent,
(In ¥;)°, the portion of the activity coefficient independent
of the nonrandom arrangement of molecules, isrepresented
by the combinatorial term of the Flory-Huggins free energy
of mixing which is given by (Sandler, 1989)

(Iny)° =In % +(1-v) (10)

where v; represents the volume fraction of component i.

Therefore, the final expression for the change in chemical
potential due to mixing a pure solvent, and a cross-linked
polymer network is obtained by combining eq 9 and eq 10
to yield

-12-zlq1 In I‘u] an

To obtain the nonrandom factor T'; in eq 12, an additional
equation is needed to relate the nonrandom factors to the
interchange energy, wis, which is defined as w;; =
& — (1/2) (e + €;j) where ¢; is the interaction energy for
theinteraction between aniand a j molecule (Guggenheim,
1944). Panayiotou and Vera (1980) used Guggenheim’s
result (1944, 1952) which related the number of i—i, i,
and j—j contacts to the interchange energy to evaluate the
nonrandom factors according to the following equation
(Prange et al., 1989):

Apy iz = RT[ln vyt v, -
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where T, Tj;, and T; are the nonrandom factors for the
i—i, j—j, and i—j interactions respectively, and w;; is the
interchange energy. To ensure that the total number of
contacts with molecules of type i is consistent with the
total number of contact sites on molecules of type i, an
equation of the following form is needed for each com-
ponent in the mixture:

= exp(- 2wu/kT) 12)

._—u 240y (13)

i J#Ei

where §; is the surface area fraction, or §; = Njzq;/2; Nzq
where N; is the number of moles of component i, z is the
coordination number, g; is the surface area parameter for
component i (Prange et al., 1989; Panayiotou and Vera,
1980) as previously defined for eq 9, and the summation
is over all components, J, in the mixture. Therefore, for
an N-component mixture, there are N equations of the
form of eq 13, one for each component in the mixture.
These N equations arereferred to as “contact-site balances”
(Prange et al., 1989).

Therefore, to represent the free energy of mixing a pure
solvent and a cross-linked polymer network, eq 11 and eq
12 are needed, and two equations of the form of eq 13, that
is, a contact site balance for the solvent (1) and the polymer
(2). From eqs 11-13 it is evident that there is only one
variable, the interchange energy, w;s. Hereafter, the
combination of eqs 11-13 will be referred to as the
nonrandom (NR) expression for the free energy of mixing.

Models of Au,

A. Existing Models for Aue. The expression for Aug
proposed by Flory (1953) is based on a statistical analysis
of rubber elasticity where it is assumed that the probability
of obtaining a stretched polymeric network in a given
configuration, Q, is given by

Q=00 (14)

where Q, is the probability of obtaining the necessary chain
vector distribution for which each chain has vectors x;, y;,
z;, within a given range Ax, Ay, and Az, or that is the
probability of obtaining the distribution of chains having
the same length as the length of the chains between cross-
links in the final network, and @ is the probability that
for each segment in the chain which is capable of forming
a cross-link there is another cross-linking segment with a
given volume so that the cross-link bond can be made.
Flory’s analysis also assumes that the chain length
distribution could be represented by a Gaussian distribu-
tion, and that the polymer chains deform affinely; i.e., the
dimensions of the chains change in the same manner as
the dimensions of the macroscopic sample. Flory (1953)
developed expressions for In Q; and In Q4, and subsequently,
the expression for the entropy change of a cross-linked
network due to elastic deformation was obtained by
applying the Boltzmann relationship:

AS,=kInQ=kInQ +kInQ, (15)

where & is the Boltzmann constant and ASg is defined as

AS o= Sdeformed - Sundeformed (16)

where Sgeformed represents the entropy of the deformed
polymeric network, and Sundeformed represents the entropy
of the undeformed network (where o, = a, = o, = 1). If
it is assumed that the change in free energy due to elastic
deformation is equal to the change in the entropy due to
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elastic deformation (AH, = 0), the following expression
for the change in free energy due to elastic deformation
is obtained:

AF, = (kTv,/2)3a -3 - In o)) an

in which v, is the number of elastically active chains, or
the number of chains which are connected to the network
at both ends, and o is the extension ratio, which for the
case of isotropic polymer swelling is given as o = (V/
Vo)1/3, where V is the solvent swollen volume of the polymer
network and Vj is the dry volume of the polymer network.
The expression for change in chemical potential due to
elastic deformation is obtained from (Flory, 1953);

d(AFy) _9(AFy) da,
n,  da, dn

(18)

and realizing that a;, the extension ratio, is related to ny,
the number of moles of solvent, through the following
relationship:

(v 18 (V0 + n1V1)1/3 _ (l)ua
a, = (T/;) = ———VO =\y, (19)

where V) represents the molar volume of component 1,
the solvent. Accordingly, the expression for Au, is given

by
Vv 2M, v
[ 1280 9)] o

in which M, is the molecular weight of the chains between
cross-links, » is the specific volume of the polymer
(component 2), v is the volume fraction of polymer in the
swollen network, and the term (1 - (2M/M)) accounts for
dangling chains, or the deviation of the real network from
a perfect network (Flory, 1953) where for a perfect network
there are no dangling chains (i.e., 2M/M)) << 1).

One alternative to the expression of Flory for rubber
elasticity was developed by James and Guth (1943). The
James-Guth “phantom network” theory (1943) is based
on the following assumptions: (1) the internal energy is
not dependent on the volume and (2) the entropy can be
divided into two parts, one associated with the thermal
capacity and the other associated with the number of
configurations. The entropy of a single chain is given as

S =klog C(L) + h(T) (21)

where S is the entropy, & is the Boltzmann constant, C(L)
is the number of configurations available for the length
L between the ends of the chain, and h(T) represents the
thermal capacity of the chain. The expression of Guth
and Mark (1934), which is Gaussian, can be used to obtain
CL), or

C(L) = A exp(-L¥/2(L?) 1) (22)

where the average of the squares of the chain lengths (L?) sy
= NI for a one-dimensional case and (L2)ay = (1/3)NI2
for a three-dimensional case where N is the number of
bonds and ! the length of a segment (or monomer).
Therefore, the tension Z, for an individual chain is given
by:

Z(L,T) = [RT/(L?) 1L (23)

To obtain an expression for the bulk of the network, an
assumption must be made about how the single chains
make up the bulk. The model of James and Guth is a
network of idealized flexible chains and a fluid which will
account for the volume-filling properties of the “rubber-
like” network. However, since strain acts only on the

junction points (cross-links), the model can be assumed
to be a network of junction points and independent chains
connecting them. This is equivalent to assuming that the
chains can freely cross one another, and therefore the
James—Guth expression is often referred to as the “phan-
tom network” expression (abbreviated as PN in this work).
The resulting expression for the change in chemical
potential due to elastic deformation, as it applies to
polymer swelling, is given by (Flory, 1977)

v oM
et () (- 58] e

It is noted that the differences between the Flory expres-
sion, eq 20, and the James-Guth phantom network
expression, eq 24, are the additional term, —vs/2, which is
included in the Flory (1953) expression but not included
in the phantom network expression, and the additional
factor 1/2 preceding the v1/3 term. The term —vs/2 results
from the logarithmic term in eq 17 which is controversial
(McKenna et al., 1991). According to Flory (1976) the
physical meaning of the logarithmic term in eq 17 is that
it represents constraints on the network cross-links such
that the chain dimensions deform affinely with the
dimensions of the macroscopic sample. As a result the
Flory expression, eq 20, with complete constraints on the
fluctuation of cross-links, and the phantom expression,
eq 24, with no constraints on the fluctuation of the cross-
links, represent the two extremes.

B. Non-Gaussian Expression for Au,;. Both Flory’s
expression, eq 20, and the phantom network expression,
eq 24, for the change in chemical potential due to elastic
deformation are only strictly applicable if the chains
between the cross-links are long (i.e., at least 100 mono-
mers), which is due to the use of a Gaussian chain length
probability distribution to represent the length of the
chains between the cross-links (Flory, 1976). Thus, in this
section we present an expression applicable for short chain
lengths as an alternative to eqs 20 and 24. Our analysis
follows Flory’s statistical analysis for rubber elasticity
where a non-Gaussian expression is used for the chain
length probability distribution instead of the Gaussian
distribution. In the current analysis, the non-Gaussian
distribution of Wall and White (1974) was selected. Wall
and White (1974) demonstrated that the non-Gaussian
distribution is superior to the Gaussian distribution for
chains of 20 monomers or less by comparison of both
expressions to Monte Carlo random-walk simulations.

Following Flory’s analysis (1953), the probability of
forming a cross-linked network, (, is assumed to be the
product of two probabilities as given in eq 14, and after
the probabilities Q; and Q; are evaluated, the change in
the entropy due to elastic deformation can be obtained by
applying eq 15, the Boltzmann relationship, and eq 186.

The first probability, @i, is the probability that all of
the chains will fall within the correct dimensions, x;, y;, 2;,
and is equal to the product over all the chains of the
probability that an individual chain has the correct chain
vector distribution. Therefore, Q; is given by (Flory, 1953)

9, = o[ Jw/vh (25)

where w; is the probability that an individual chain has
the correct chain vector distribution, » is the total number
of chains, and »; is the number of chains with components
Xi, Vi, 2; after deformation or components (x;/ ), (vi/ay),
and (z;/«,) before deformation where oy, oy, and «, are the
three principal extension ratios (Flory, 1953). The prob-
ability that an individual chain has the correct chain vector
distribution, w;, is equivalent to W(x;,y;,2;) dx dy dz where
Wix;,yi,2:) is the chain length probability distribution




function (Flory, 1953). The non- Gaussian and Gaussian
chain length probability distributions are given by

non-Gaussian (Wall-White, 1974):

W(x,y,2) dx dy dz = g(—é-)a(rz) e dxdydz (26)
T

1/2

Gaussian (Flory, 1953):

1/2

W(x,y;2,) dx dy dz = (L) e dxdydz (27)

where 72 = x2 + y2 + 22 for both cases, {r?) is the root-
mean-square average chain length, 8 = 2/(3(r?)) (Flory,
1953), and 8 = 5/(2(r?)) (Wall and White, 1974). The
expression for y; is given by (Flory, 1953):

v = vWix/ e,y ozl a)dxbydz/ao0,  (28)

Upon applying the Boltzmann relationship, eq 15, and
using Stirling’s approximation for the factorials, that is
Nl=NIn N-N (McQuarrie, 1976), eq 25 can be expressed
as

InQ = v ImeW/») (29)

For the non-Gaussian expression, substituting eq 26 for
W;and eq 28 for v;in eq 29 leads to the following expression

for In Qy:
2 + (1)2] X

e, =0 200 [ [ (2)
exp{-ﬂ[(i‘t) +( ]}

[(axayaz) x2+y*+2°
/o)’ + v/ ) + (z/a)?

of 1 _ of 1 _
[i((1) +(50)+
22(%—1))]}&% dy dz (30)
az

Although eq 30 is the general expression for In @y, the
relationship between ay, a,, and a, must be specified to
obtain the final expression for the entropy change. For
example, for the case of isotropic swelling of a polymeric
network, the usual assumption is that the three principal
extension ratios are equivalent such that

ax =«a,6 = az

= o, = (V/V)? (31)

where Vjis the original (unswollen) volume of the polymer
sample and V is the swollen volume (Flory, 1953). When
the simplification of eq 31 is made, eq 30 simplifies to
yield

In @, = v, 3/2fff+”[( )(x +y 4] x

exp[— -‘%(x +y* + 22)] [ln o’ + -(;Eﬂ_—l(xz +y2+

z2)] dr dy dz (32)

For other relationships between o, ay, and oa, the
determination of In Q; requires evaluating a significantly
more complex integral as is evident from in eq 30. When
the integrals in eq 32 are evaluated, the resulting expression
for In Q, is obtained:

InQ, =-(/2)[5(a*-1)-101n a] (33)

It is noted that the expression for In Q5 is not changed
by using a different chain length probability distribution
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Table 1. Summary of the Six Different Models for
Swelling Equilibrium Compared in This Work*

swelling equilib for a pure
solvent Apymiz + Ap1 =0

case Ay mix Ayl

. FH-Flory Flory-Hugginseq (6) Flory eq (20)

FH-PN Flory-Huggins eq (6) phantom network eq (24)
FH-NG Flory-Huggins eq (6) non-Gaussian eq (36)

. NR-Flory nonrandom eq (11) Flory eq (20)

NR-PN nonrandom eq (11) phantom network eq (24)
NR-NG nonrandom eq (11) non-Gaussian eq (36)

& FH = Flory-Huggins; PN = phantom network; NR = nonrandom;
NG = non-Gaussian.

Do oo

function, and therefore Flory’s (1953) result for In Q; can
be used without modification:
In Q, = -(vy/2) In(e,,@,) + constant (34)
Given the above expressions for In ; and In Qg, the final
expression for AS, is obtained in the same manner as
described previously for the Flory expression for AS, was
obtained as outlined in section A. The Boltzmann
relationship, eq 15, and eq 16 are applied to determine
ASq, with the following result:

AS, = —-(kv/2)[5(a*-1) - TIn a] (35)

Then, if it is assumed that ASq ~ AF,, or AH,) = 0 (Flory,
1953), and that volume additivity applies (i.e., eq 19), the
final expression for Aug can be obtained by taking the
derivatives specified in eq 18. The resulting expression
for Aue for isotropic swelling of a non-Gaussian network

is
1% 2M,
Bty = RT[(uﬁc)(l‘—M‘)(g”z”a‘%”z)] (36)

It is important to note that eq 36 is only valid for cases
of isotropic swelling due to the simplification of eq 31.

Calculations

In order to evaluate the accuracy of the non-Gaussian
expression, eq 36, the experimental swelling data of Errede
(1986a) obtained at 23 °C was fitted with the six expres-
sions given in Table 1 which represent the swelling
equilibrium for a cross-linked polymer network by a pure
solvent. The cross-link densities, expressed as moles of
divinylbenzene to moles of styrene, of the polystyrene
beads used by Errede (1986a) varied from 0.010 to 0.119,
which is approximately equivalent to a range of 5-50
monomers in the chains between cross-links, clearly outside
the range of applicability of the Gaussian chain distribution
(Flory, 1976). Also note that in cases 1-3 in Table 1
swelling equilibrium was described by the Flory—-Huggins
expression for the free energy of mixing in combination
with the three different expressions for the elastic
deformation, eqs 20, 24, and 36. In cases 46 in Table 1
swelling equilibrium was represented using the nonrandom
expression for the free energy of mixing (eq 11) and the
three expressions for the elastic deformation, Aue; (eqs 20,
24, and 36).

The best fit for each of the six cases listed in Table
1 to the experimental data of Errede (1986a) was deter-
mined by least-squares minimization, which is minimiza-
tion of the objective function Z;(vsca; — U2;)? where vy
refers to the experimentally known volume fraction of
component 2 (the polymer) for a given data point i and
Ug,cal,; is the polymer volume fraction calculated from the
swelling equilibrium model for the same data point i. The
relative accuracy of the different models was expressed by
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Table 2. Average Percent Deviation between Experimental and Predicted Polymer Volume Fractions Based on

Least-Squares Analysis for Weighting Scheme 1

solvent FH-Flory FH-PN FH-NG NR-Flory NR-PN NR-NG
anisole 10.9 10.9 10.9 10.8 177 111
benzene 12.1 12.3 119 12,2 15.1 12.2
n-butyl acetate 6.28 6.80 5.89 5.47 6.34 5.57
n-butyl bromide 9.23 9.57 9.98 8.77 10.3 9.05
n-butyl chloride 10.8 11.7 10.1 10.1 12.6 9.77
n-butyl iodide 21.3 21.9 20.9 20.9 21.0 20.7
cyclohexane 15.1 16.1 14.1 14.6 15.6 13.5
cyclohexanone 31.9 32.2 31.7 31.3 31.0 31.7
cis-decahydronaphthalene 114 12.0 10.9 114 12.0 10.9
1,4-dibromobutane 16.8 17.1 16.6 16.2 15.7 16.5
1,4-dichlorobutane 10.7 11.0 10.5 9.96 9.32 10.3
methyl n-butyl ketone 13.6 14.2 13.1 12.6 124 12.7
n-butyl ether 5.80 7.16 4.54 4.68 5.97 3.76
N,N-dimethylaniline 155 15.0 15.8 154 14.2 16.8
pyridine 13.2 14.2 12.4 13.6 14.9 12,5
(trifluoromethyl) benzene 13.3 14.8 12.0 12.9 14.4 11.6
toluene 13.3 13.3 13.2 13.2 13.3 13.4
trans-decahydronaphthalene 104 11.7 9.35 9.48 10.5 8.90
average 13.4 14.0 12.9 13.0 14.0 12.8
the average percent deviation is defined as the nonrandom factors and the interchange energy, ws,
given in eq 39b, and two contact-site balances, given in
% deviation = l 'vz,cal»i_ ”Zexpyil X 100 eqs 39c¢ and 39d, are needed to determine the volume
average /o deviation = NZ be fraction of polymer, vs. It is noted, however, that the only
' Zexp (87) adjustable parameter for cases 1-3 is the Flory-Huggins

where Ugezp; represents the experimentally determined
polymer volume fraction, vg a1, is the calculated value for
the polymer volume fraction, and N is the number of
experimental data points. The least-squares minimization
requires the determination of the value vy ) as well as the
derivatives vs ca1i/0x and 82vg a1,/ 0%2 for cases 1-3, and
the derivatives dvg ca1,i/ 012 and 82vg ca1 i/ w122 for cases 4-6.
However, all six expressions listed in Table 1 for equi-
librium swelling of a cross-linked polymer network and a
pure solvent are not explicit in the volume fraction of
polymer, vz, and thus the first and second derivatives were
determined numerically using a backward finite difference
approximation. The value vy, was determined by using
Newton’s method to solve the nonlinear equilibrium
equation(s).

The nonlinear equations needed to solve for vy, the
volume fraction of polymer, are as follows:

Cases 1-3. Flory—-Huggins Equation for Mixing:

Apgg +In(1 - 0y) + vy + x0,2 =0 (38)
Cases 4-6. Nonrandom Equation for Mixing:
Apy g+ In(l-vy) + 0, +0.5g,2In T, =0  (39)

—2w12) 11122

exp( T ) T, =0 (39b)
1.0-Ty,0;, — Typ8, = 0 (39¢)
1.0 = Ty, = Typ8, = 0 (39d)

where any of the three expressions for the chemical
potential change due to elastic deformation (eqs 20, 24,
and 36) can be substituted for Au,.. For cases 1-3in which
the Flory-Huggins (FH) expression for the free energy of
mixing is used, only one equation, eq 38, which ensures
that the chemical potential change due to mixing and the
chemical potential change due to elastic deformation sum
to zero, is needed to determine v,. For cases 4-6 in which
the nonrandom (NR) expression for the free energy of
mixing was used, in addition to eq 39a, which represents
the balance between the change in chemical potential due
tomixing and elastic deformation, the relationship between

interaction parameter, x. Analogously, for cases 4-6 the
only adjustable parameter is wis. Inthe above calculations
the term (1 - 2M /M) in eqs 20, 24, and 36 was taken to
be unity which is equivalent to assuming M >> M,. This
isareasonable assumption given that M, is relatively small
(less than about 50) for the highly cross-linked resins
utilized in the study of Errede (1986a). Moreover, M for
such polymeric resins is larger then M, by at least 2-3
orders of magnitude (Barr-Howell and Peppas, 1985).

At high polymer volume fraction (and thus low molecular
weight between cross-links, M), the swelling data could
not be reasonably described by either the Flory-Huggins
expression for the free energy of mixing or the nonrandom
expression, and therefore the least-squares minimizations
were done with and without weighing factors. Thus, the
least-squares objective function Zw;(vaica — v2;)? was
utilized where w; represents the weight of data point ¢.
The three different sets of weighing factors were (1) no
weight or w = 1 for all data points; (2) w = 10.0 for M, <
10, w = 5.0 for 10 < M, <20, and w = 1.0 for M, = 20; and
(3) w = 100.0 for M, < 10, w = 50.0 for 10 < M, < 20, w
= 25.0 for 20 < M, < 35, and w = 1.0 for M, = 35.

Results and Discussion

The average percent deviation for the curve fits for the
six cases investigated listed in Table 1 are given in Tables
2 and 3 for weighting scheme 1 and weighting schemes 2
and 3. Figures 1 and 2 compare the three expressions for
Ape (eqgs 20, 24, and 36) using the FH expression for the
free energy of mixing (eq 6) for the solvent cyclohexanone
using weighting schemes 1 and 3, respectively. Figures 3
and 4 compare the three expressions for Au,; using the NR
expression for the free energy of mixing (eq 11) for the
solvent cyclohexanone using weighting schemes 1 and 3,
respectively. Analogously, results obtained with weighting
schemes 1 and 3 where the FH expression was used to
represent the free energy of mixing are illustrated in
Figures 5 and 6 for methyl n-butyl ketone and in Figures
9 and 10 for n-butyl ether. Analogously, results obtained
with weighting schemes 1 and 3 where the NR expression
was used to represent the free energy of mixing are
illustrated in Figures 7 and 8 for methyl n-butyl ketone
and in Figures 11 and 12 for n-butyl ether. The three
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Table 3. Average Percent Deviation between Experimental and Predicted Polymer Volume Fractions Based on
Least-Squares Analysis for Weighting Schemes 2 and 3
FH-Flory FH-PN FH-NG NR-Flory NR-PN NR-NG
Weighting Scheme 2
min % dev 11.3 13.1 9.49 9.52 11.6 8.00
max % dev 73.6 62.4 68.7 67.5 72.2 64.1
av % dev 26.5 28.0 24.6 24.8 27.6 23.6
Weighting Scheme 3
min % dev 9.01 10.4 7.90 7.51 9.15 6.56
max % dev 55.2 51.6 52.4 50.7 53.8 48.8
av % dev 21.1 22.6 19.8 20.0 22.1 19.0
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Figure 1. Polymerswelling by cyclohexanone: comparison of Flory,
phantom network, and non-Gaussian elasticity expressions for the
free energy change due to elastic deformation for the unweighted
curve fits to experimental cyclohexanone data using the Flory-
Huggins mixing expression for the change in free energy due to mixing.
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Figure2. Polymerswelling by cyclohexanone: comparison of Flory,
phantom network, and non-Gaussian elasticity expressions for the
free energy change due to elastic deformation for the weighting scheme
3 curve fits to experimental cyclohexanone data using the Flory-
Huggins mixing expression for the change in free energy due to mixing.

particular solvents cover the range in polymer—solvent
interactions because n-butyl ether is a good solvent,
cyclohexanone is a poor solvent, and methyl n-butyl ketone
is intermediate between a good and a poor solvent.

Comparison of the Expressions for the Free
Energy of Mixing

Both mixing expressions, the Flory-Huggins expression,
eq 6, and the nonrandom expression, eq 11, lead to a poor
representation of the data for solvents with a low swelling

Number of Monomers between Cross—links

Figure 3. Polymerswelling by cyclohexanone: comparison of Flory,
phantom network, and non-Gaussian elasticity expressions for the
free energy change due to elastic deformation for the unweighted
curve fits to experimental cyclohexanone data using the nonrandom
mixing expression for the change in free energy due to mixing.
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Figure 4. Polymerswelling by cyclohexanone: comparison of Flory,
phantom network, and non-Gaussian elasticity expressions for the
free energy change due to elasticdeformation for the weighting scheme
3 curve fits to experimental cyclohexanone data using the nonrandom
mixing expression for the change in free energy due to mixing.

capacity (i.e., poor solvents) as illustrated in Figures 1-4
for cyclohexanone. For the methyl n-butyl ketone with
intermediate swelling, and n-butyl ether with a high
swelling capacity, the two mixing expressions both lead to
areasonable representation of the data without weighting
as shown in Figures 5 and 7 for methyl n-butyl ketone and
in Figures 9 and 11 for n-butyl ether. Overall, two general
observations can be made by comparing the two expres-
sions for the free energy of mixing. First, as demonstrated
by comparing Figures 1 and 3 for cyclohexanone, Figures
5 and 7 for methyl n-butyl ketone, or Figures 9 and 11 for
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Figure 5. Polymer swelling by methyl n-butyl ketone: comparison
of Flory, phantom network, and non-Gaussian elasticity expressions
for the free energy change due to elastic deformation for the
unweighted curve fits to experimental methyl n-butyl ketone data
using the Flory-Huggins mixing expression for the change in free
energy due to mixing.
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Figure 6. Polymer swelling by methyl n-butyl ketone: comparison
of Flory, phantom network, and non-Gaussian elasticity expressions
for the free energy change due to elastic deformation for the weighting
scheme 3 curve fits to experimental methyl n-butyl ketone data using
the Flory-Huggins mixing expression for the change in free energy
due to mixing.

n-butyl ether, the nonrandom expression for the free
energy of mixing does not represent an improvement over
the FH expression. Secondly, both expressions for the
free energy of mixing lead to a poor representation of the
data points with the highest cross-link density (lowest M,),
and weighting the least-squares minimization to favor the
data points with highest cross-link leads to a poorer overall
representation of the data. The poorer representation of
the data with weighting of the data points is especially
evident for n-butyl ether as seen by comparing Figures 9
and 10.

The equivalence of the representation of the FH and
the NR expressions for the free energy of mixing and the
poorer representation of both the FH and NR expressions
with weighting schemes 2 and 3 are quantified in Tables
2 and 3 which give the average percent deviation of the
curve fits for the six cases using weighting schemes 1, 2,
and 3, respectively. For example, when eq 20 (i.e., Flory)
is used to represent Aue), the average percent deviation
averaged over all the solvents investigated is 13.4% and
13.0% when the FH expression and the NR are used for
the free energy of mixing, respectively. Asseen in Table
3, poorer overall representation of the data is obtained
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Figure 7. Polymer swelling by methyl n-butyl ketone: comparison
of Flory, phantom network, and non-Gaussian elasticity expressions
for the free energy change due to elastic deformation for the
unweighted curve fits to experimental methyl n-butyl ketone data
using the nonrandom mixing expression for the change in free energy
due to mixing.
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Figure 8. Polymer swelling by methyl n-butyl ketone: comparison
of Flory, phantom network, and non-Gaussian elasticity expressions
for the free energy change due to elastic deformation for the weighting
scheme 3 curve fits to experimental methyl n-butyl ketone data using
the nonrandom mixing expression for the change in free energy due
to mixing.

with weighting schemes 2 and 3. For example, the average
percent deviation over all 18 solvents for the curve fit
obtained using the PN expression for the elastic deforma-
tion along with the FH and NR expressions for the free
energy of mixing was determined to be 14.0% and 14.0%,
respectively, with no weighting, and 22.6% and 22.1%,
respectively, with weighting scheme 3.

The equivalent accuracy of data representation using
the NR expression and the FH expression is unexpected
because the FH expression represents the assumption of
random mixing, while the NR expression accounts for
interactions between the different components in the
mixture which resultsin nonrandom mixing., Furthermore,
both the enthalpic and entropic portions of the FH model
of the free energy of mixing have been criticized. Intheory,
the Flory-Huggins interaction parameter, x, is entirely
enthalpic in origin (Flory, 1942), but in actual use it has
been demonstrated that the parameter x often contains
an entropic portion (Barton, 1989). As noted by Bawendi
and Freed (1988), Flory (1942) and Huggins (1942) did
not solve the lattice model “exactly”, but made the mean
field approximation to the lattice model. Therefore, the
parameter x is actually used as an empirical parameter
and has been expressed as the sum of enthalpic and
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Figure 9. Polymer swelling by n-buty! ether: comparison of Flory,
phantom network, and non-Gaussian elasticity expressions for the
free energy change due to elastic deformation for the unweighted
curve fits to experimental n-butyl ether data using the Flory-Huggins
mixing expression for the change in free energy due to mixing.
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Figure 10. Polymer swelling by n-butyl ether: comparison of Flory,
phantom network, and non-Gaussian elasticity expressions for the
free energy change due to elastic deformation for the weightingscheme
3 curve fits to experimental n-butyl ether data using the Flory-
Huggins mixing expression for the change in free energy due to mixing.

entropic contributions:
X = x,(entropic) + x,(enthalpic) (40)
where x), is often estimated from (Barton, 1990)

xp = (V/RDG, - 5)° “1

in which V, is the molar volume of the solvent, and the
parameters §; and &, are the solubility parameters of the
solvent and polymer, respectively (Barton, 1990). In
reality, since the solvent-solvent, solvent—-polymer, and
polymer—polymer interactions are not all equivalent, then
the number of solvent—polymer interactions will be
different from a random distribution due to preferential
interactions, and the Flory~-Huggins theory will fail
(Bawendi and Freed, 1988; Freed and Pesci, 1989).
Therefore, since the NR model accounts for preferential
interactions between the polymer and solvent, the NR
model is expected to be a better representation of the free
energy of mixing than the FH model. However, the results
from these calculations demonstrate that only a very slight
advantage is obtained by using the NR mixing expression,
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Figure 11. Polymerswelling by n-butylketone: comparison of Flory,
phantom network, and non-Gaussian elasticity expressions for the
free energy change due to elastic deformation for the unweighted
curve fits to experimental n-butyl ether data using the nonrandom
mixing expression for the change in free energy due to mizxing.
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Figure 12. Polymer swelling by n-butyl ether: comparison of Flory,
phantom network, and non-Gaussian elasticity expressions for the
free energy change due toelastic deformation for the weighting scheme
3 curve fits to experimental n-butyl ether data using the nonrandom
mixing expression for the change in free energy due to mixing.

relative to the FH mixing expression for the case of polymer
swelling equilibrium.

Comparison of the Different Elasticity
Expressions

Figures 1-12 illustrate that a slightly improved curve
fit is obtained when using the NG expression for Aug
compared to the Flory and PN expressions for Aue for
representing the equilibrium swelling data. The better
representation of the swelling data using the NG expression
for Au, compared to the Flory and PN expressions for
Ap, is especially evident for n-butyl ether, which is a good
solvent for polystyrene as seen in Figures 9 and 11.
However, it is noted that all three expressions for Aue
result in a poor representation of the data at the highest
cross-link densities.

The slightly better representation of the swelling data
using the NG expression for Ay, compared the Flory and
PN expressions is demonstrated quantitatively in Tables
2 and 3 for weighting schemes 1, 2, and 3, respectively. For
both the FH and NR expressions for the free energy of
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mixing, the three different expressions for Au, (egs 20,
24, and 36) followed the same trend as seen by comparing
the average percent deviation within cases 1-3 and within
cases 4-6 in Table 2. The NG expression resulted in the
best representation of the data, followed by the Flory
expression, and the poorest fit was obtained for the PN
expression. For example the average percent deviation
averaged over all of 18 solvents investigated for cases 1-3
is13.4%,14.0%, and 12.9% for the Flory expression, the
PN expression, and the NG expression, respectively.
Although the differences in the average percent deviation
for the three expressions is small (<1/%), the three
expressions for Aue tend to fall in the same order; that is,
the representation of the data is best for the NG expression,
followed by the Flory expression, and poorest for the PN
expression, for both the NR and FH mixing expressions,
and for all three weighting schemes. Thus the results are
consistent with the expectation that, for these highly cross-
linked polymeric beads, swelling equilibrium is more
accurately described when modeled with the NG expres-
sions for Au.. Therefore, it appears that replacing the
Gaussian distribution with a non-Gaussian distribution
to model the chain length distribution does improve the
model fit for highly cross-linked polymer networks.

Overall Comparison

Of the six models listed in Table 1, the best overall fit
to the swelling data was obtained using the NR expression
for Aumix and the NG expression for Aue where weighting
scheme 1 (i.e., no preferential weighting of points) was
used, which resulted in an average percent deviation
(averaged over all 18 solvents) of 12.8% . However, asnoted
previously, the differences between the six cases are small
(£1.5%). In addition, all six models of the swelling
equilibrium demonstrate a poor fit for the most highly
cross-linked polymer beads (M. < 10), for which the
prediction always overestimates the actual degree of
swelling obtained. If the assumption of the separability
of the free energies is maintained, then there are four
possibilities for the discrepancy between theory and
experiment: (1) the entropy loss by the polymer chains
due to deformation is underestimated for highly cross-
linked networks; (2) the entropy gain due to mixing the
solvent and polymer is overestimated; (3) the enthalpy of
mixing is overestimated; and (4) the network is not perfect,
or (1 - (2M./M)) is significantly less than 1.

Although real networks are imperfect because they
contain dangling ends and other inhomogeneities
(McKenna et al., 1989), and a cross-link dependence of
the parameter x has been noted both theoretically (Pesci
and Freed, 1989) and experimentally (McKenna et al,,
1989, 1990), the most likely source of the discrepancy
between theory and experiment is inaccuracy in the
expression for Aue. Inaccuracy in the expression for Aug
presented in this work could be attributed to the fact that
for all three expressions for Aue use a chain length
distribution obtained for single chains, and then these are
applied to the case of a polymer network. Therefore,
constraints on the chain configurations due tothe presence
of adjacent chains are not explicitly accounted for, and
these constraints are more likely to occur at high polymer
volume fractions (low degree of polymer swelling). Thus
itis conceivable that for very highly cross-linked networks
such that M, < 10, a new theoretical framework is needed
to obtain a more accurate expression for Ay,

Interaction Parameters

The x interaction parameters obtained by fitting the
swelling equilibrium models in cases 1-3 with weighting

Table 4. x Values for the Flory-Huggins Equation for the
Unweighted Least-Squares Analysis

solvent FH-Flory FH-PN FH-NG
anisole 0.226 0.366 0.039
benzene 0.266 0.392 0.098
n-butyl acetate 0.323 0.434 0.173
n-butyl bromide 0.286 0.407 0.1256
n-butyl chloride 0.417 0.496 0.309
n-butyl iedide 0.442 0.513 0.347
cyclohexane 0.824 0.851 0.793
cyclohexzanone 0.447 0.513 0.357
cis-decahydronaphthalene 0.480 0.549 0.388
1,4-dibromobutane 0.342 0.443 0.207
1,4-dichlorobutane 0.288 0.407 0.128
methyl n-butyl ketone 0.394 0.480 0.277
n-butyl ether 0.638 0.681 0.584
N,N-dimethylaniline 0.178 0.332 -0.028
pyridine 0.427 0.500 0.328
(trifluoromethyl)benzene 0.670 0.706 0.626
toluene 0.264 0.390 0.0948
trans-decahydronaphthalene 0.571 0.621 0.504

Table 5. wi2/k Values for the Nonrandom Equation for the
Unweighted Least-Squares Analysis

solvent NR-Flory NR-PN NR-~-NG
anisole 2.54 4,51 0.49
benzene 3.49 5.15 1.36
n-butyl acetate 3.01 4.05 1.62
n-butyl bromide 3.28 4,65 1.48
n-butyl chloride 4.87 5.79 3.62
n-butyl iodide 4.66 5.40 3.66
cyclohexane 8.51 8.76 8.23
cyclohexanone 5.36 6.13 4,34
cis-decahydronaphthalene 3.12 3.56 2.52
1,4-dibromobutane 3.59 4.60 2,21
1,4-dichlorobutane 3.34 4.71 1.49
methyl n-butyl ketone 4,05 491 2.86
n-butyl ether 4.29 4.56 3.93
N,N-dimethylaniline 1.84 3.38 -0.05
pyridine 6.12 7.14 4.68
(trifluoromethyl)benzene 6.25 6.57 5.85
toluene 2.95 4.34 1.11
trans-decahydronaphthalene 4.18 4.53 3.69

scheme 1 to the data of Errede (1986a) are presented in
Table 4. Analogously, the wio/k parameters obtained by
fitting the swelling equilibrium models in cases 4-6 with
weighting scheme 1 to the data of Errede (1986a) are
presented in Table 5. Because the three different expres-
sions for Aue are not equivalent, the different models (see
Table 1) result in different least-squares best fit values of
x or wio/k. In most cases the best fit values of the x and
w1y/k parameters were higher values (or least favorable
thermodynamically) for the models in which the PN
expression was used for Aug, followed by the Flory
expression, and it was the lowest (or most favorable
thermodynamically) for the NG expression. For an
equivalent degree of swelling, larger Au. values were
predicted using the NG expression compared to the Flory
expression; therefore, a smaller (more favorable) Flory—
Huggins interaction parameter was obtained using the NG
expression. The higher value for Au, obtained using the
NG expression is expected since, for a given extension
ratio (or degree of polymer swelling), there is a larger
decrease in the number of possible configurations for a
short chain compared to alonger chain. Asanillustration,
the greater loss in possible configurations, and thus
entropy, predicted by the NG expression compared to the
Flory expression is shown in Figure 13, which illustrates
the absolute value of AS as a function of the extension
ratio for the NG expression (eq 35) and the Flory
expression, assuming AFg ~ ~TAS, = AF, where AF, is
given by eq 17. It is important to note that the difference
between AS, predicted by the two expressions increases
as the extension ratio increases. This difference in AS,;



35 T T !
—— Flory
30| B
......... - Non-Ggussian /f/
~N | "f! T
< 25 Vi
2 /
$ 20}
c s
15 | ‘ 1
z
[
S 10 ’
sl J
0 el ' '
1.0 15 2.0 25 3.0

1
Extension Ratio, (V/V,) /3

Figure 13. Change in entropy predicted using the Flory and non-
Gaussian expressions for the isotropic elastic deformation of a cross-
linked poymer network as a function of the extension ratio.

accounts for the differences between the Flory-Huggins
interaction parameters, xFiory and XNG, Obtained using the
Flory expression (eq 20) and the NG expression (eq 36),
respectively, to represent the chemical potential change
dueto elastic deformation. The differences between xriory
and xng resulting from the different predictions of Aue
are also illustrated in Table 4, where it is shown that the
difference between xyiory and xng is greater for a good
solvent, such as toluene or benzene, where a high degree
of polymer swelling and thus extension ratio are encoun-
tered, compared to a poor solvent, such as cyclohexane,
where a low degree of polymer swelling is expected. It is
also noted that the value of xpN (obtained when the PN
expression is used for Aug) is higher than either xpory Or
xNG. The higher value obtained for xpy is attributed, in
part, to the lower prediction of AS,) by the PN expression
compared to the value of AS, obtained using either the
Flory or NG expressions. Since the force exerted by the
chains in a phantom network is less than the force exerted
by the analogous affine network (Flory, 1979), the lower
prediction of AS, by the PN expression is expected.

Although the average percent deviation for the curve
fits (cases 1-6 in Table 1) obtained with the six different
swelling equilibrium models are comparable (i.e., with less
than 1.5% variation among the various curve fits), the
interaction parameters obtained by the least-squares
analysis vary significantly (see Table 4). Clearly, for a
fixed value of the interaction parameter, the different
models for Au will lead to different predictions of the
degree of polymer swelling. As an example, predictions
of the volume fraction of polymer as a function of the
number of monomers between cross-links for the toluene—
polystyrene swelling equilibrium for a fixed value of the
Flory-Huggins interaction parameter, x, of 0.25, are
illustrated in Figure 14. This example suggests that the
reported x values will be specific to the model used to
obtain them when swelling data are utilized. Thus, in
calculations of polymer swelling, it is imperative to use x
values that are consistent with the selected polymer
swelling model.

Of the 18 solvents investigated by Errede (1986a),
literature values of x have been reported at temperatures
reasonably close to those in Errede’s (1986a) experiments
(23 °C) for benzene, cyclohexane, toluene, cyclohexanone,
and n-butyl acetate. The literature values of x at the
specific polymer volume fraction and temperature are
listed in Table 6 along with the x values obtained in this
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Figure 14, Toluene—polystyrene sorption equilibrium predictions
with the Flory-Huggins interaction parameter value of 0.25.

work by the least-squares fit of Errede’s data. Forbenzene
and toluene, only the xng values fall outside of the range
of x values reported in the literature. For cyclohexane,
the calculated x values fall within the reported range, but
for n-butyl acetate all three values of x obtained in this
work fall outside the range reported in the literature. For
cyclohexanone, the xriory and xpn values are close to the
only value of x reported in the literature, 0.5. Therefore,
with the exception of n-butyl acetate, the values of x
obtained in this work are in general agreement with the
range of values of x reported in the literature. Although
the discrepancy between values of x for n-butyl acetate
obtained in this work and those in the literature are large
(0.30 or higher), these differences are not unreasonable
given the uncertainty in the experimental values of the
Flory-Huggins interaction parameter. The value of x for
n-butyl acetate was reported at 20 °C, while the experi-
ments of Errede (1986a) were conducted at 23 °C. Thus,
the values estimated in this work are expected to differ
to some degree since experimental data suggest that x
varies with temperature (Barton, 1989). It is important
to note that the values of x reported in the literature were
obtained for un-cross-linked polymers in solution, and
therefore, these values may not be applicable for the cross-
linked polymer networks modeled in this work. Another
difficulty is that the experimental determination of x is
sensitive to the experimental method and model used to
obtain x. For example, Errede (1992) noted that x values
obtained for the poly(isobutylene)-benzene system using
vapor pressure measurements varied significantly (~20%)
from x values obtained using inverse gas chromatography.
Even reported values of x obtained using the same
methodology, at the same temperature and polymer
volume fraction, can vary significantly. For example,
Gundert and Wolf (1989) report x values for the toluene—
polystyrene system of 0.16 and 0.30, both obtained by vapor
pressure measurements at a temperature of 25 °C and a
polymer volume fraction of 0.80. In conclusion, given the
limitations in the experimental determination of the Flory-
Huggins interaction parameter, the agreement between
the values obtained in this work and the range of x values
reported in the literature is reasonable.

Although in the present analysis the Flory-Huggins
interaction parameter x was assumed to be a constant
which accounts only for the enthalpic interactions, in
reality x is an empirical parameter which accounts for all
of the inaccuracies in the expression for the free energy.
In the case of polymer swelling equilibrium, the x
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Table 6. Comparison of x Values Reported in the Literature and x Values Obtained in This Study

least-squares best-fit x params®

x reported in the literature

solvent XFlory XPN XNG x rangeb vp Fange’ Té°C data source¢
benzene 0.27 0.39 0.10 0.42-0.26 0.2-0.8 25 1
n-butyl acetate 0.32 0.43 0.17 0.5-0.9 0-1 20 2
cyclohexane 0.82 0.85 0.79 0.5-1 0-1 34 2
cyclohexanone 0.45 0.51 0.36 0.5 0 27 2
toluene 0.26 0.39 0.10 0.16-0.42 0.4-0.8 25 1

¢ Values from Table 4, rounded to the nearest second figure. ® Range of reported x values. ¢ v, range of polymer volume fraction for which
the x values were reported. ¢ Temperature. ¢ Data sources: (1) Gundert and Wolf, 1989; (2) Barton, 1989,
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Figure 15, Variation of the x parameter with the cross-link density
for the benzene—polystyrene system.

parameter accounts for inaccuracies in the Flory-Huggins
expression for the free energy of mixing, as well as
inaccuracies in the expression for change in free energy
due to elastic deformation. Therefore, in actual use the
value of x has been assumed to be a function of the volume
fraction of the polymer and temperature. In the recent
work of McKenna et al. (1989, 1990) it has also been
demonstrated that x varies with cross-link density for
polymer networks. McKenna et al. (1989, 1990) deter-
mined experimental values of x for a series of dicumyl
peroxide cross-linked natural rubber samples, of various
cross-link densities, swollen in different solvents. This
was accomplished by equating the free energy of mixing
to the free energy of elastic deformation where the free
energy of elastic deformation was determined experimen-
tally by torsional testing in both the dry and solvent swollen
states. McKenna et al. (1989, 1990) also found that the
value of x was higher for a cross-linked polymer network
than for the same polymer in the un-cross-linked state at
the same volume fraction of polymer. Therefore, to
investigate the possibility of a cross-link dependence of
the x parameter for polymer networks, another set of
calculations were carried out to determine the variation
of x with the cross-link density for the data of Errede
(1986a,b,c, 1989, 1990). As an illustration for benzene,
each of the three expressions for the change in the chemical
potential due to elastic deformation (eqs 20, 24, and 36)
was equated to the FH expression for the change in
chemical potential due to mixing (eq 6), and x was solved
for using the experimentally known volume fraction of
the polymer for the given cross-link densities. The results
as shown in Figure 15 reveal that, for all three expressions
for Ape, the value of x obtained appears to vary ap-
proximately linearly with cross-link density. It is inter-
esting to note that the (approximate) linear variation of
x with cross-link density observed in this work is consistent
with the observation of McKenna et al. (1989, 1990), who

determined the elasticity experimentally. Finally, it is
noted that the variation of the values of x with cross-link
density and the expression used for Au, suggest that,
whenever possible, the value of Au, should be determined
experimentally.

Conclusions

An expression for the chemical potential change of a
solvent in a polymeric network due to elastic deformation,
applicable for the case of isotropic polymer swelling, was
obtained by modification of Flory’s statistical theory of
rubber elasticity by using the non-Gaussian distribution
of Wall and White (1974) for chain lengths in the network.
The non-Gaussian expression, when incorporated into
polymer swelling calculations, represented the polymer
swelling data of Errede (1986a) slightly better than the
traditional Flory expression and the James—Guth “phan-
tom network” expression. The Flory-Huggins expression
and a modified quasi-chemical expression for the free
energy of mixing were found to represent the experimental
polymer swelling data of Errede (1986a) equally well.
However, the value of the interchange energy or the Flory-
Huggins interaction parameter obtained by the least-
squares fit of the data was found to vary with the expression
used to represent the chemical potential change due to
elastic deformation.
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